This work addresses the finite-time control problem for a class of nonlinear inverted pendulum systems. A series of homogeneous controllers, which are capable of guaranteeing the locally finite-time stability for the closed-loop systems, are first developed using the adding one power integrator method and backstespping technique. Subsequently, the nested saturation control approach has been further proposed in order to achieve global finite-time stability after appropriately adjusting the saturation level. Furthermore, the simulation results are given to validate the effectiveness of the proposed strategy.
I. INTRODUCTION
In the process of the development of control theory, the correct of the theory and the feasibility of the practical applications often require a typical object to verify, and need to compare the advantages and disadvantages of various control theories. The inverted pendulum system can be applied the theories to the actual ideal experimental platform. The inverted pendulum system is a typical highorder, multivariable, severely unstable and strongly coupled nonlinear system. Recent years there have much progress in the field of inverted pendulum system [1] - [7] . Reference [1] studied the real-time control issues based on fuzzy logic systems for cart-pole inverted pendulum system. The schemes in [2] address the adaptive sliding-mode control for inverted-pendulum mechanism on basis of permanent magnet synchronous motors. Reference [3] investigated the problems of stability control of double inverted Pendulum system by combining the fuzzy control theory with the optimal control theory. Reference [4] solved the problems of output feedback stability for the Inverted Pendulum Cart system based on a suitable coordinate change. Reference [5] solved a new robust adaptive control issues for operation of an invertedpendulum mechanical systems. In [6] , the author investigated a fuzzy logic controller for an inverted pendulum system. Reference [7] considered the problem of fuzzy composed The associate editor coordinating the review of this manuscript and approving it for publication was Ning Sun. variables control for multivariables inverted pendulum system. However, it is crucial to point out that the aforementioned approaches can only ensure the closed-loop stability when time approaching to infinity, i.e., they are unable to achieve finite-time stability which is a more challenging but more promising task due to its wide applications in practical systems.
In the past decades, the finite-time control problem has been widely researched and fruitful results have been developed [8] - [17] . As compared to infinite-time stability, finite-time control can guarantee that system states reach a specified goal within a limited time. Reference [9] studied the finite-time control issues based on backstepping method for upper-triangular nonlinear systems with exponetial powers. Reference [10] investigated the problems of global asymptotic tracking and finite-time stability for a class of nonlinear non-strict feedback systems, The authors in [11] proposed a finite-time adaptive fuzzy decentralized control strategy for uncertain large-scale systems with non-strict feedback form. The finite-time adaptive neural networks fault-tolerant control method was developed for the strict-feedback nonlinear systems in [12] . [13] solved the problem of global output feedback stabilization for upper-triangular systems. A finitetime adaptive fuzzy controller was developed for a class of pure-feedback nonlinear systems in [14] . The authors in [15] studied the adaptive neural networks finite-time stabilization problem for switched nonlinear systems with unknown nonlinear terms by using adding one power integrator method.
In addition, the weakness of those methods in [8] - [17] are that they does not consider the practical systems.
This paper investigates the finite-time control for a class of nonlinear inverted pendulum systems. By means of adding one power integrator method and backstepping technique, a locally finite-time stability controller is established. Furthermore, global finite-time stabilization problem has been solved via the designed nested saturation scheme. It is proved that all closed-loop signals converge to zero in finite-time.
The main innovations are listed as follows:
This is the first work on finite-time control for inverted pendulum systems. The crucial difference with the existing method in [1]- [7] is that the system can stability in finite-time, i.e., all closed-loop signals approach to zero in finite-time.
II. SYSTEM DESCRIPTION AND PRELIMINARY KNOWLEDGE A. MODEL DESCRIPTION
Consider the deterministic model in Figure 1 often used in [18] and [19] . The system has two degrees of freedom and is underactuated. Denote the units of these variables: m 1 and m 1 (kg) are mass, x and y are represent the displacement, l (m) is length, θ (rad) is angle, u and F (N ) are force, g (m s 2 ) is acceleration of gravity, second (s). When x = 0, θ = 0, the spring is not stretched and is in equilibrium. The equation of motion for this systems arë
another spring coefficient, and m 1 , m 2 , k, k s are unknown positive constants, θ ∈ (− π 2 , π 2 ). Define the smooth change of coordinates
Invoking (2), we know that
It follows from (2) and (3) thaṫ
Combining (1) and (2), one can geẗ
According to (2) , we know that the equalities hold:
In accordance with (5), we have
According to (6)-(8), one haṡ
Therefore, the system (1) can be written as followṡ
where
where r i > 0, r 1 = 1, τ = τ 1 τ 2 , and τ 1 is an even integer, τ 2 is an odd integer, and constant r i are the ratio of two odd numbers. Those will be throughout this article.
According to (10) , we know that the d i (x) and f i (·) satisfy the following inequalities where d i andd i are constants.
where h i (x) is an unknown function and satisfying q i,k > p i r i+1 r k (k = 1, · · · , i).
B. PRELIMINARY KNOWLEDGE
Lemma 1 ([13] , [14] , [16] ): Consider the nonlinear system given byẋ Control Objective: For systems (1), by using the adding one power integrator method, backstespping technique and Homogeneous System Theory, a finite-time control method is presented to make system (1) be globally finite-time stable.
III. LOCAL FINITE-TIME CONTROLLER DESIGN
To achieve the finite-time stability for system (1), similarly to [9] , a controller is first designed using backstepping method, which is able to globally asymptotically stabilize the following nonlinear systems (14) . Then, the locally finite-time stability is proved via the adding one power integrator technique and Homogeneous System Theory.
Step 1: Consider the Lyapunov function candidate
where υ = max{r 1 , r 2 }. In view of (14) and (15), the time derivative of V 1 (x 1 ) can be rewritten aṡ
2 is the virtual control law that is given by
where the virtual control error ς 1 = x υ / r 1 1 , and the gain β 1 ≥ β 1 = 4. Recalling (16) , and (17), one haṡ
Next, by using the inductive argument, we will give the design method of the virtual controllers, actual controllers and design parameters.
Step 2: Take the Lyapunov function candidate as
According to (19) , the time derivative of V 2 (x 1 , x 2 ) can be rewritten asV
where virtual control error
− (x * 2 ) υ / r 2 . For 0 < r i+1 p i,k υ ≤ 1, there exist a constant b 2 > 0 and a positive gain c 2 , which can guarantee that the following inequalities hold:
From (20)-(23), one can geṫ
where x * 3 is virtual control law, and it can be designed as
where gain β 2 ≥β 2 = ((3 + b 2 + c 2 ) d 2 ) 1 / p 2 . It follows from (24) and (25) thaṫ
Step 3: Take the Lyapunov function candidate as
According to (19) , the time derivative of V 3 (x 3 ) can be rewritten asV 3 
Similar to (22) and (23), there exist a constant b 3 > 0 and a positive gain c 3 , which can guarantee that the following inequalities hold:
From (28)-(31), one can geṫ
In accordance with (32), we design the virtual control x * 4 as
where gain β 3 ≥β 3 = 2 + b 3 + c 3 . It follows from (32) and (33), one can geṫ
Step 4: Take the Lyapunov function candidate as
where W 4 (x) =
According to (35), the time derivative of V 4 (x) can be rewritten aṡ
According to the above design process, we know that the actual controller u can be designed as
where β 4 ≥β 4 = 2 + b 4 + c 4 , and the virtual control error
In light of (36) and (37), one can conclude thatV
For the system (10), according to (38), one can geṫ V 4 (x)| (10) ≤ −(ς 2 1 + · · · + ς 2 4 )
Theorem 1: There exist gains β 1 , · · · , β n , and satisfied β 1 ≥β 1 , · · · , β 4 ≥β 4 (β 1 , · · · , β 3 ), the controller (37) together with the virtual controllers (17), (25) and (33) can guarantee the interconnected nonlinear systems (10) are locally finite-time stable, when τ < 0.
Proof: For the convenience of calculation, several simplified representations are given as follows
According to [9] , we can obtain that the following equalities hold
According to the Homogeneous System Theory, one has
According to (42)-(45), we know thatς (·), M (·) and V 2υ / (2υ−τ ) 4 (x)| (10) are homogeneous of degree 2υ, there exist normal constantsc and c, one can get M (·) ≤cς(·),ς (·) ≥ cV 2υ / (2υ−τ ) 4 (x)| (10) 
Therefore, from (12) 
For design parameter τ < 0, we can obtain 0 < 2υ (2υ − τ ) < 1. According to (50) and Lemma 1, we know that the controller (37) can ensure the system (10) is locally finite-time stable.
IV. GLOBALLY FINITE-TIME STABLE CONTROLLER DESIGN
In this section, In order to prove the globally finite-time stability for the nonlinear system (10), we will combine the controller (37) and the nested saturation control technique. Hence, the following Theorem 2 is provided.
Theorem 2: There exist parameter ε(0 < ε < 1), and gain β i , such that the following saturated control law (37) guarantees that the system (10) Figure 2 shows the trajectories of the x 1 , x 2 , x 3 and x 4 . Figure 3 shows the trajectory of u. The simulation Figure 2 shows that system (1) is globally finite-time stable. It can be seen from Figure 1 that the designed controller can make all states converge to zero in a limited time. Figure 3 shows that the control inputs are bounded. Therefore, we can obtain that the effectiveness and feasibility of the proposed control schemes.
VI. CONCLUSION
In this paper, the issue of finite-time control design is addressed for nonlinear inverted pendulum systems. By employing the backstepping recursive design procedure, a finite-time optimal controller is developed based on the designed homogeneous controller and nested saturation controller. It is shown that all the signals in the resulting closed-loop system approximate zero in finite-time. In the future, we will study the finite-time control problem for the switching system.
